[April though simple and elegant, it is not the best adapted to this subject. Such a method, meeting all the requirements of simplicity and efficacy, will be developed in the second part.
1. The fundamental identity and its consequences. Instead of using various properties and transformations of elliptic series and products, we shall take for our starting point a single very general formula which, in a certain sense, contains the very essence of the arithmetical properties of elliptic functions. Let F(x, y, z) represent a function denned for integral values of the variables x, y, z and satisfying the conditions in integers i, d, 5, the two last being supposed positive, and T = 0 when » is not a perfect square, s«-i T = J^[2F(2s-j, s, 2s -j) -F(2s, s -j, 2s -2j)]when« = s*, s > 0. i-i In order to avoid lengthy explanations, it is useful to introduce the symbolic notation {A} for a quantity related to an integer n, having value 0 except when » is a perfect square: n = s2, s>0, in which case the above symbol represents the number A. With this notation adopted, the fundamental equation (2) The proof of this important equation is very easy, and the reader can find it for instance in the first part of our memoir Sur les relations entre les nombres des classes des formes quadratiques binaires et positives.*
In this formula (a) n=i1+dS indicates the range of summation for £. A similar notation is used throughout. fa) tLoc cit.
From the fundamental equation (2), by submitting the highly arbitrary function F{x, y, z) to certain restrictions, many other important relations may be derived. In this paper, however, we confine ourselves only to such of these relations as are absolutely necessary for our purpose. Denoting by f{x) an arbitrary odd function of a single variable x, we can first take, in the fundamental equation (2), F{x, y, z) = 0 for even x, F{x, y, z) = f{x) for odd x, which, after a simple discussion, leads to the following relation:
(a) » = *• + 2dS, «odd; (6) n = i* + dS. «odd :
Again, assuming in the same fundamental equation
F{x, y, z) = 0 for even x, F{x, y, z) = (-l)(^+«)/2+»/(y) for odd x, we arrive at the very useful formula
(a) n = i1 + dS, S odd.
Suppose now n divisible by 4, so that » = 4f». By taking first for F{x, y, z) the function defined as follows:
F{x, y, z) = 0, whenever x is odd, F{x, y, z) = 0, whenever y is even, F{x, y, z) = <p{x/4, y), otherwise, where <}>{x, y) denotes an arbitrary function odd with respect to * and even with respect to y, we have after a simple discussion and with a slightly changed notation Taking again F{x, y, z) = 0, whenever x is odd, F{x, y, z) =0, whenever 3» is even, F(*, y, z) = (-1)<*-«'*>/2tf(*/4, y), otherwise, [April we get the equation
+ J2 5X*,/)!, (a) 4m = X1 + ¿i, X odd; (6) m = »'» + ai, a odd; (c) y = 1, 3, 5, • • • , 2s -1, m = i», í > 0, the left member of which is obviously equal to 0. Subtracting now (7) from (6) The last equation we need may be obtained as follows. First we suppose « divisible by 3, so that n = 3m, and then define F(x, y, z) as follows:
F(x, y, z) = 0, whenever y + z is not divisible by 3, F(«, y, z) = 0, whenever y is divisible by 3,
f(x) being an arbitrary odd function of x. It is obvious that this definition is consistent with the fundamental conditions (1). The resulting equation with a slightly modified notation may be written as follows: and admits of a further simplification. As k is supposed to be non-divisible by 3 in the equation 3m = A2+AA', it is easy to see that, whenever A+A-A' is divisible by 3, -A+A -A'is not divisible by 3, and, whenever A+A-A' is not divisible by 3, -A+A -A'is divisible by 3, whence it follows that The left hand member of (9) being thus simplified, we finally get the important relation 
(a) 3m = Ä» + AA', h ft 0 (mod 3); (6) 3»t = 3t» + ¿i d ft 0 (mod 3).
2. Number of representations by certain quadratic forms. In the following discussion we need to use the well known results concerning the number of representations by quadratic forms x2+y2, ic2+2y2 and a;2+3y2. The discussion would be considerably abbreviated should we simply recall these results, but, from a methodical point of view, it is of interest to derive all the auxiliary propositions from one and the same source.
Beginning with the quadratic form x2+y2, let us consider the equation n=x2+y2, and denote by N(n) the number of its solutions. The following two equations are obvious:
Furthermore, denoting by m any odd number, let us consider the equation 2m = x1 + y" + z%.
We do not assume that this equation is necessarily solvable, but, if it is, among the numbers x, y, z there are two odd and one even. The number of solutions with an odd x is, therefore, twice as great as the number of solutions with an even x, which leads to the recurrent relation
both series being continued so far as the arguments remain positive. The same relation may be also written in the form
If there are no representations of 2m by the sum of three squares (which is really impossible), both the sums in (11) are equal to 0, and (11) continues to hold.
Considering the equation m=xi+y1+z2, and supposing first «al (mod 4), we easily see that the number of solutions with an even x is twice as great as the number of solutions with an odd x, so that
or, what is the same thing,
both series being continued as long as the arguments remain non-negative.
In the case w=3 (mod 4) we have
because N{m-4a;2) =0 for every x. The equations (12) and (13) can be condensed into one,
(a) *= ± 1, ±3, ±5,---; (6) x = 0, ± 1, ± 2, • • • , which thus holds for every odd m. Now it is possible to find a priori a numerical function satisfying the same equations (11) and (14). For this purpose we take
in the relation (4) ; the resulting equation
introducing the numerical function p{n) defined by p(») = Z(-1)(5-1)/2, n = dô, S odd ; p(0) = i, leads, after a simple discussion, to the following relations:
(a) * = ± 1, ± 3, ± 5, • • • ; (6) * = 0, ± 1, ± 2, -• • , perfectly analogous to (11) and (14). Putting w(n) = 2V(w) -4p(«), we have therefore
(a) * -0, ± 1, ± 2, -• • ; (6) * = U, ± 1, ± 2, • • • ;
(a) *-1,2,3,-..;
Moreover, it follows from the definition of p(n) that p(4») =p(»), so that for every n it is easy to get the following two equations: for wt = l(mod 4),
(a) *= ± 1, ±3, ±5,---(6) *-0, ±1, ±2,'", and for m=3 (mod 4), and obviously w{2n)=w{n). Now it is easy to show that, for every n, w{n) =0. For, suppose this already verified for all n<N. UN be an even number, then w{N) =w{N/2) =0. But if N be an odd number, the same conclusion follows from (20). As w{0)=0, we have w{n)=0 for every », that is, N{n) =2<¡>{n). It remains to determine by means of analogous considerations the number of representations by the form x2+3y2. Denoting again by N{n) the number of solutions of the equation n = x2+3y*, the following properties of N{n) are almost evident. That the equation N{4m) = 3N{m) holds true for every odd m, is not so evident, but still can be easily proved. It implies that the number of solutions of the equation 4wi=a52+3y2 in odd numbers x, y is twice as great as the number of all solutions of the equation m=xi+3yi.
Consider now the equation
where X and v are supposed to be odd. The number of its solutions, on the one hand, is given by 5>(4» -X2) (X = + 1, + 3, ± 5, • • • ) ;
on the other hand it follows from the preceding remark that the same number is given by the sum 2^N{n-k2) extended over all integers k such that n-K2 is positive and odd. Thus we get the important equation (21) 2>(4» -X2) = 2 2>(» -k2) , » -k» odd.
We shall show now that the function %{n) defined by x{n) = H -)f n = d5, 6 odd, satisfies exactly the same equation for every n non-divisible by 3. To this end we take in the relation (8) Stx 2xy <b(x, y) = sin-cos-> 3 3 which leads to the following equation:
(a) 4» = X1 + dS, X odd; (6) n = t1 + dS, d and S odd.
In order to exhibit it in the simplest possible form we notice first that 
(a) n = *' + 21* + 16**; (6) » = ** + 2P + Sj*. Now let us consider two numerical functions G{m) and g{m) denned for every m = 1 (mod 8) by
G{m) = £(-1)», m = x2 + 16y2, g{m) = £(-1) <-*"»'•, w = x2 + 8y', the sums being extended over all the solutions of the corresponding equations. Introducing these functions, the relation (24) can be written as follows:
whence it follows necessarily that G(8*+l) =g{Sp+l), that is, for every m = 1 (mod 8) we have
(«) M-*»+16y*; (6) » = **+8}r*, and this constitutes one of the theorems given by Jacobi. In the particular case when m is a prime number, both of the equations m = a2+ 16Ô2, m = c2 + Sd2 possess only one solution in positive integers, and it follows from the preceding equality that whenever b is even, c is of the form 8/ +1, and whenever b is odd, c is of the form SI±3. This particular theorem was first found by Gauss and published in his first memoir on biquadratic residues.
4. Another theorem by Jacobi. Preliminary results.
As the second example of the use of the same kind of reasoning we choose another more complicated theorem given by Jacobi. Certain preliminary propositions are, however, to be established first. Taking f(x) = sin (3irx/2) in (10), the resulting equation may be presented as follows: the last sum being extended over all h which are not divisible by 3 and of the same parity as n. Suppose now that n is not divisible by 3. In this case for h divisible by 3, P(3n -h2) = 0, because the number 3n-h2 contains the prime number 3 only to the first power, and therefore the summation in the right hand member of (25) may be extended over all h of the same parity as n. Taking into account the arithmetical meaning of the function p(n) the equation (25) leads to the relations ) for even and odd values of n =• ± 1 (mod 3) respectively. Supposing further that n=0 (mod 4) or « = 1 (mod 4) and « = 1 (mod 3), the two preceding equations can be combined into one, namely (-l) n_l Z(-1)* = ï#(3» = x2 + 2y2 + 232),
(a) n = 9i*+j* + 3k».
But it is easy to show that $N(3n = x2 + 2v2 + 2z2) = N(n = x2 + 2y* + 6z2), and so finally we get the first preliminary result, Now we take n as an odd number and suppose that f(x, y) = 0 whenever y is odd. In this case the preceding equation becomes where G(n) is defined by G(n) = X)(-1)', n = x2 + 8z2, x > 0.
As the left members of (33) and ( 
